Abstract. Let K be a knot in the 3-sphere S 3 . An r-surgery on K is leftorderable if the resulting 3-manifold K(r) of the surgery has left-orderable fundamental group, and an r-surgery on K is called an L-space surgery if K(r) is an L-space. A conjecture of Boyer, Gordon and Watson says that non-reducing surgeries on K can be classified into left-orderable surgeries or Lspace surgeries. We introduce a way to provide knots with left-orderable, non-L-space surgeries. As an application we present infinitely many hyperbolic knots on each of which every nontrivial surgery is a hyperbolic, left-orderable, non-L-space surgery.
Introduction
A nontrivial group G is said to be left-orderable if there exists a strict total ordering < on its elements such that g < h implies f g < f h for all elements f, g, h ∈ G. The left-orderability of fundamental groups of 3-manifolds has been studied by Boyer, Rolfsen and Wiest [5] . In particular, they prove that the fundamental group of a P 2 -irreducible 3-manifold is left-orderable if and only if it has an epimorphism to a left-orderable group [5, Theorem 1.1 (1) ]. Since the infinite cyclic group Z is left-orderable, a P 2 -irreducible 3-manifold with first Betti number b 1 ≥ 1 has left-orderable fundamental group. One obstruction for G being left-orderable is an existence of torsion elements in G. Thus, for instance, lens spaces cannot have left-orderable fundamental groups. It is interesting to characterize rational homology 3-spheres whose fundamental groups are left-orderable. Examples suggest that there exists a correspondence between rational homology 3-spheres whose fundamental groups cannot be left-ordered and L-spaces which appear in the Heegaard Floer homology theory [45, 46] . For a rational homology 2010 Mathematics Subject Classification. Primary 57M25, 57N10, 20F60 Secondary 06F15 Conjecture 1.3. Let K be a knot in S 3 which is not a cable of a nontrivial knot.
Then S LO (K) ∪ S L (K) = Q and S LO (K) ∩ S L (K) = ∅.
Remark 1.4. The cabling conjecture [16] asserts that if K(r) is reducible for a nontrivial knot K, then K is cabled and r is a cabling slope. There exists a cable knot K for which S LO (K) ∪ S L (K) = Q. For instance, let K be a (p, q) cable of a non-fibered knot k (q > 0). Then K(pq) = k( p q )♯L(q, p) [17, Corollary 7.3] . Since π 1 (K(pq)) has a torsion, pq ∈ S LO (K). To see that pq ∈ S L (K), we note that HF (K(pq)) ∼ = HF (k( p q )) ⊗ HF (L(q, p)); see [53, 8.1(5) ] ( [46] ). Since k is a non-fibered knot, k( p q ) is not an L-space [43, 44] . Hence the rank of HF (K(pq)) is strictly bigger than |p|q, and K(pq) is not an L-space. It follows that pq ∈ S LO (K) ∪ S L (K).
For the trivial knot and nontrivial torus knots, Examples 1.5 and 1.6 describe S LO (K) and S L (K) explicitly. Note that these knots satisfy Conjecture 1.3. Example 1.7 (figure-eight knot). Let K be the figure-eight knot. Following [47, 48] , S L (K) = ∅. Thus it is expected that S LO (K) = Q. Boyer, Gordon and Watson [4] show that S LO (K) ⊃ (−4, 4) ∩ Q, and Clay, Lidman and Watson [8] improve that S LO (K) ⊃ [−4, 4] ∩ Q. Furthermore, [14] implies that S LO (K) ⊃ Z.
For related results, see [9, 11, 20, 33, 54, 56] . It is known that there exist some constraints for knots which admit L-space surgeries. For instance, such knots have specific Alexander polynomials [47] , and must be fibered [43, 44] . Thus generically we have S L (K) = ∅. Hence Conjecture 1.3
suggests that S LO (K) = Q for most knots. Despite being expected, there is no literature giving explicitly knots with S LO (K) = Q and S L (K) = ∅. In the present note we give infinitely many satellite knots and hyperbolic knots with this property. Theorem 1.8. Given a nontrivial knot K ′ , there are infinitely many prime satellite knots K each of which has K ′ as a companion knot and enjoys the following properties:
(1) K(r) is a toroidal 3-manifold which is not a graph manifold for all but finitely many r ∈ Q.
This is an application of Proposition 7.1 due to Clay and Watson [10, Proposition 4.1]. In Theorem 1.8, K is satellite knot and the resulting 3-manifold K(r) has a nontrivial Jaco-Shalen-Johannson (JSJ) decomposition [28, 29] . Since Proposition 7.1 does not work for creation of hyperbolic knots, we will introduce an effective way to provide infinitely many hyperbolic knots having left-orderable, non-L-space surgeries from a given knot with left-orderable surgeries; see Section 4. Then we will apply the construction to prove the following: Theorem 1.9. There exist infinitely many hyperbolic knots K each of which enjoys the following properties.
(1) K(r) is a hyperbolic 3-manifold for all r ∈ Q.
Left-orderable surgeries on periodic knots
A knot K in S 3 is called a periodic knot with period p if there is an orientation preserving diffeomorphism f :
Fix(f ) = ∅, and Fix(f ) ∩ K = ∅, where Fix(f ) is the set of fixed points of f . By the positive answer to the Smith conjecture [40], f is a rotation of S 3 about the unknotted circle C = Fix(f ). So by taking the quotient S 3 / f , we obtain the factor knot K = K/ f and the unknotted circle C = C/ f in S 3 = S 3 / f . We often call C the axis and C the branch circle. Since K is connected, the linking number lk(K, C) and the period p are relatively prime. Note that if the periodic knot K is unknotted, then the equivariant loop theorem [36] implies that K ∪ C is the Hopf link and K ∪ C is also the Hopf link. To exclude such a trivial case, in the following we consider nontrivial periodic knots.
A periodic knot K with an axis C and its factor knot K; T is a tangle.
The next theorem asserts that the fundamental groups of 3-manifolds obtained by Dehn surgeries on the periodic knot K inherit left-orderability from those of 3-manifolds obtained by Dehn surgeries on the factor knot K. For a subset S ⊂ Q and a positive integer p, we denote by pS the subset {pr | r ∈ S} ⊂ Q. Note that if S = Q, then pS = Q.
Theorem 2.1. Let K be a nontrivial knot in S 3 with cyclic period p, and let K be its factor knot. Then
Proof of Theorem 2.1. Let f : S 3 → S 3 be an orientation preserving diffeomorphism giving the cyclic period p of K with axis C = Fix(f ) and factor knot K = K/ f .
Take an f -invariant tubular neighborhood N (K) of K. Let N (K) be the quotient
Denote by (µ, λ) (resp. (µ, λ)) a preferred meridian-longitude pair of
. We can choose a simple closed curve representing the preferred longitude λ which is invariant under f ; see [12] . 
Assume that First we assume that K is a torus knot. Then E(K) has a unique Seifert fibration (up to isotopy). Following [35, Theorem 2.2], we choose a Seifert fibration of E(K) which is preserved by f . If C is not a fiber, we take a regular fiber t intersecting C.
Since f fixes a point in t ∩ C, f (t) = t and f reverses the orientation of t. This then implies that f reverses the orientation of K, and hence C intersects K in exactly two points, a contradiction. Thus C is a fiber in the f -invariant Seifert fibration of E(K). Since a regular fiber is knotted in S 3 , C is one of two exceptional fibers in E(K). Then the quotient E(K) = E(K)/ f has also a Seifert fibration induced from that of E(K) and thus K is a torus knot; the surgery slope [28, 29] , we may assume that f leaves a companion solid torus W invariant. First we note that W ∩ C = ∅. For otherwise, f | ∂W has fixed points and hence it is an involution, and f reverses the orientation of an f -invariant core of W . Hence it also reverses the orientation of K (which has winding number y ≥ 2 in W ). This then implies that C intersects K in exactly two points, a contradiction. Thus The above diagram induces the commutative diagram of fundamental groups below.
is surjective. Proof of Lemma 2.4. Choose a point x ∈ C = Fix(f ) (resp. π(x) ∈ C) as a base point of π 1 (E(K)) (resp. π 1 (E(K)). We take obvious meridians µ i of K which are generators of π 1 (E(K), π(x)) (with respect to the Wirtinger presentation of π 1 (E(K), π(x))). Then their lifts µ i ∈ π 1 (E(K)) satisfy π * (µ i ) = µ i , and
is an epimorphism. Since vertical homomorphisms are also epimorphisms, π 
(Theorem 2.1)
L-space surgeries on periodic knots
In [43, 44] Ni proves that if a knot K in S 3 has an L-space surgery, then K is a fibered knot, i.e. E(K) has a fibering over the circle. For a periodic knot K, the next theorem gives a necessary condition on the factor knot for K having an L-space surgery.
Theorem 3.1. Let K be a periodic knot in S 3 with axis C, and let K be its factor knot with branch circle C. Suppose that K has an L-space surgery. Then E(K)
has a fibering over the circle with a fiber surface S such that |S ∩ C| equals the algebraic intersection number between S and C, i.e. the linking number lk(K, C).
In particular, we have:
Proof of Theorem 3.1. Let f : S 3 → S 3 be an orientation preserving diffeomorphism of finite order satisfying
has a fibering over the circle. Following Proposition 6.1
in [13] , we can isotope the fibering to a fibering preserved by the action of f so that the axis C is transverse to the fibers. Thus E(K) inherits a fibering over the circle such that all the fibers are transverse to the branch circle C = C/ f . Let S be a fiber surface of E(K). Since C intersects each fiber surface of the fibering of E(K) transversely, |S ∩C| coincides with the algebraic intersection number between S and C, i.e. the linking number lk(∂S, C), which equals the linking number lk(K, C).
(Theorem 3.1)
As Ni [43, 44] proves, the fiberedness of K is necessary for K to have an L-space surgery. On the other hand, the periodicity of K itself also puts strong restrictions on 3-manifolds obtained by Dehn surgeries on K. For instance, if a periodic knot K with period p > 2 has a finite surgery, which is also an L-space surgery, then K is a torus knot or a cable of a torus knot [38, Proposition 5.6 ]. So we would like to ask:
Question 3.3. Let K be a knot in S 3 with cyclic period p > 2 other than a torus knot or a cable of a torus knot. Then does K admit an L-space surgery?
Periodic constructions
Given a periodic knot, taking the quotient by the periodic automorphism, we obtain its factor knot; see Section 2. Reversing this procedure, we have:
be a pair of a knot K and an unknotted circle C which is disjoint from K. Then for an integer p ≥ 2 with
which is the preimage of K. We call K p C the knot obtained from the pair (K, C) by p-periodic construction.
is a knot with cyclic period p whose factor knot is K. Hence obtained from the pair (K, C) by p-periodic construction enjoys the following properties:
If K is a trivial knot, then S LO (K) = {0} and hence pS LO (K) = {0}. So we will apply Theorem 4.2 to nontrivial knots. Then we arrange C i as in Figure 4 .2 so that the closed braid is a 2-component link consisting of K and an unknotted circle C = C 1 ∪ · · · ∪ C n−1 and K ∪ C is a non-split prime alternating link [37, Theorem 1].
Remark 4.3. We denote the genus of a knot
Since our braid contains both a positive crossing and a negative crossing, we can add some negative twists or positive twists as in Figure 4 .3 to make C so that lk(K, C) = l for a given integer l.
Note that the resulting link K ∪ C is also a non-split prime alternating link. It follows from [37, Corollary 2] that K ∪ C is either a torus link or a hyperbolic link.
Since K is nontrivial, but C is trivial, the former cannot occur, and thus K ∪ C is a hyperbolic link.
(Theorem 4.4)
is a hyperbolic knot, and K p C (r) is a hyperbolic 3-manifold for all r ∈ Q.
(2) Assume that p > 2 and C i (i = 1, 2) is an unknotted circle such that lk(K, C i ) and p are relatively prime, and K ∪ C i is a hyperbolic link. If ) and denote
). The preimage of the branch circle C is an unknotted circle C = Fix(f ), which is contained in the interior of
is a nontrivial knot. For otherwise, the equivariant loop theorem [36] implies that K p C ∪ C is the Hopf link and K ∪ C is also the Hopf link, contradicting the hyperbolicity of K ∪ C. ) − intN (C))/ f has also a Seifert fibration. 
of T by the covering projection is also essential. This contradicts the hyperbolicity of
is a hyperbolic knot with period p > 2, it follows from [39, Corollary
(r) is a hyperbolic 3-manifold for all r ∈ Q, or p = 3, r = 0 and
is a hyperbolic 3-manifold for all r ∈ Q as desired.
(2) In the following, for notational simplicity, we write
The assumption, together with (1), implies that K i (i = 1, 2) is a hyperbolic knot. Recall that K i has an orientation preserving diffeomorphism f i such that
Suppose that K 1 and K 2 are isotopic in S 3 . Then we have an orientation preserving
is an orientation preserving diffeomorphism of S 3 , which satisfies f ′ 2 (K 1 ) = K 1 and gives also a cyclic period p for K 1 . Let us put C 
Therefore we have an orientation preserving diffeomorphism g :
(Theorem 4.5)
Examples
In this section, we present two examples illustrating how the periodic construction works according to whether the initial knot K is fibered or not fibered.
First we apply Theorem 4.2 in the case where K is not fibered. In such a case we can choose C arbitrarily with lk(K, C) = 0 to obtain a knot K Let T n (n = 0, ±1) be the twist knot illustrated in Figure 5 .1.
n-full twist Then T n is a hyperbolic knot, and since the Alexander polynomial of T n is not monic, it is not fibered [6, 8.16 Proposition] . Suppose that n > 1. Then it follows from [56, 20] that π 1 (T n (r)) is left-orderable for r ∈ (−4n, 4). Furthermore, it is known by [54] that π 1 (T n (4)) is left-orderable. Hence S LO (T n ) ⊃ (−4n, 4] ∩ Q. 
(r) is a hyperbolic 3-manifold for all r ∈ Q.
Proof. Assertions (1) and (2) follow from Theorem 4.5(1) once we show that T 2 ∪ C is a hyperbolic link. Since T 2 ∪ C is a non-split prime alternating link [37, Theorem 1] , it is either a torus link or a hyperbolic link [37, Corollary 2] . The former cannot happen, because T 2 is nontrivial, but C is trivial. Hence T 2 ∪ C is a hyperbolic link enjoys the following properties:
(r) is a hyperbolic 3-manifold for all r ∈ Q. If we have the former case, then T −3,2 is isotopic to C which is a trivial knot, a contradiction. Hence T −3,2 ∪ C is a hyperbolic link. Then (1) and (2) follow from Theorem 4.5(1).
Let us prove (3) and (4) using Theorem 4.2. Since T −3,2 is fibered, we need to check the condition of Theorem 4.2: for any fiber surface S of E(T −3,2 ), |S ∩ C| is strictly bigger than the algebraic intersection number between S and C, i.e. lk(T −3,2 , C).
In Figure 5 .3(ii), we give a minimal genus Seifert surface F of T −3,2 , which is a once-punctured torus with ∂F = T −3,2 . Put S = F ∩ E(T −3,2 ). Then by [13, Lemma 5 .1] S is a fiber surface of E(T −3,2 ). We see that |S ∩ C| = 5 and the algebraic intersection number between S and C is one. Assume for a contradiction that we have another fiber surface S ′ of E(T −3,2 ) such that |S ′ ∩C| < |S ∩C|. Since S and S ′ are fiber surfaces of E(T −3,2 ), they are isotopic; see [13, Lemma 5 .1], [55] .
This then implies that we can isotope C to C ′ in E(T −3,2 ) so that |S ∩C ′ | < |S ∩C|. 
Since π 1 (T −3,2 (r)) is left-orderable if r ∈ (−1, ∞), the conclusions (3) and (4) We say that an alternating knot is positive (resp. negative) if it has a reduced alternating diagram such that each of the crossings is positive (resp. negative). An alternating knot is special if it is either positive or negative.
In [4] Boyer, Gordon and Watson prove:
(1) If K is not a special alternating knot, then
is left-orderable for all positive (resp. negative) integers n.
Let K be an alternating knot. For convenience, we position K ⊂ R 3 = S 3 − {∞} so that K lies in the xy-plane except near crossings of K, where K lies on a "bubble" as in [37] . Then we say an unknotted circle C ⊂ S 3 − K is perpendicular if it passes ∞ and intersects the xy-plane exactly once. Note that C ∩ R 3 is perpendicular to the xy-plane. See Figure 6 .1, in which the dot indicates a perpendicular circle C. 
is an alternating knot.
Proof of Proposition 6.2. The first assertion follows immediately from diagramatic consideration. The conclusions (2) and (3) follow from Proposition 6.1 and Theorem 2.1.
(Proposition 6.2)
is not a (p ′ , 2)-torus knot. For otherwise, the argument in the proof of Lemma 2.3 implies that K is a torus knot. Since it is alternating, it is a (p, 2)-torus knot for some odd integer p [41, Theorem 3.2], a contradiction. Therefore, as mentioned in the beginning of this section,
is not an L-space for all r ∈ Q.
Applying Proposition 6.2 and Remark 6.3, we have:
Example 6.4. Take an alternating knot K and a perpendicular circle C as illustrated in Figure 6 .1; lk(K, C) = 1. Note that K is not a special alternating knot.
Hence for any integer
is not an L-spaces for all r ∈ Q, and π 1 (K p C ( p n )) is left-orderable for all non-zero integers n.
Knots with S LO
The goal of this section is to prove Theorems 1.8 and 1.9. We start with Propo- Let k be a knot in S 3 , which is contained in a standardly embedded solid torus
Assume that k is not contained in a 3-ball in V . We call k a pattern knot in S 3 and the pair (V, k) a pattern. Let f be an orientation preserving embedding from V into S 3 which sends a preferred longitude of V to that of f (V ) ⊂ S 3 . Then we obtain a knot K = f (k) in S 3 , which is called a satellite knot with a pattern knot k and a companion knot K ′ = f (c), where c is a core of V .
Proposition 7.1 ([10]
). Let K be a satellite knot with a pattern knot k. If K(r) is irreducible and r ∈ S LO (k), then r ∈ S LO (K). Proposition 7.2. Let K and K ′ be nontrivial knots. Then we have: 
(2) Since pK is a knot with cyclic period p whose factor knot is K, the result follows from Theorem 2.1.
(Proposition 7.2)
As a step toward proofs of Theorems 1.8 and 1.9, we prove:
3. For torus knots T −p,q and T r,s , where p > q ≥ 2 and r > s ≥ 2,
Proof of Proposition 7.3. Recall that S LO (T −p,q ) = (−pq + p + q, ∞) ∩ Q and S LO (T r,s ) = (−∞, rs − r − s) ∩ Q. Note that −pq + p + q < 0 < rs − r − s. Now apply Proposition 7.2 to T −p,q ♯ T r,s to conclude that
Next we show that T −p,q ♯ T r,s has no L-space surgeries.
Claim 7.4. The coefficient of t in the Alexander polynomial of T −p,q ♯ T r,s is −2.
Proof of Claim 7.4. Recall that T −p,q has the Alexander polynomial ∆ T−p,q (t) = ∆ Tp,q (t) = (t pq − 1)(t − 1) (t p − 1)(t q − 1)
, and T r,s has the Alexander polynomial ∆ Tr,s (t) = (t rs − 1)(t − 1) (t r − 1)(t s − 1)
. Since ∆ T−p,q ♯ Tr,s (t) = ∆ T−p,q (t)∆ Tr,s (t) = ∆ Tp,q (t)∆ Tr,s (t), Thus k ∪ C is hyperbolic, hence letting V = S 3 − intN (C), k is a hyperbolic knot in V . Apply the satellite construction with the pattern (V, k) and the companion knot K ′ to obtain a satellite knot K with a pattern knot k = T −3,2 ♯ T 3,2 . Since k is hyperbolic in V , the satellite knot K is prime, and the 3-manifold obtained from V by r-surgery on k is again hyperbolic for all but finitely many r ∈ Q. This then implies that K(r) is a toroidal 3-manifold with a hyperbolic piece, in particular, K(r) is not a graph manifold, for all but finitely many r ∈ Q. This establishes (1).
If K(r) were reducible for some r ∈ Q, then K is cabled [51, 4.5 Corollary]. However, this is impossible, because V − k is hyperbolic. Hence K(r) is irreducible for any r ∈ Q. Now Proposition 7.1 shows that S LO (K) ⊃ S LO (k) = Q.
Let us see that S L (K) = ∅. Since lk(k, C) = 0, i.e. the winding number of K in V is zero, (V, k) is not fibered, and hence neither is the satellite knot K; see [25, Theorem 1] . Hence [43, Corollary 1.3] shows that S L (K) = ∅.
Finally we show that there are infinitely many satellite knots K with a companion knot K ′ and enjoy the required properties in Theorem 1.8. For instance, let us
It follows from Theorem 4.4, there is an unknotted circle C p so that
K p be a satellite knot with a companion knot K ′ and pattern (V, k p ). Then the same argument as above shows that K p satisfies the properties of Theorem 1.8. If
Hence there is no orientation preserving diffeomorphism of V which leaves the preferred longitude of V invariant and maps k p to k p ′ . Thus we see that the resulting satellite knots K p and K p ′ are never isotopic.
(Theorem 1.8)
7.3. Proof of Theorems 1.9. As in the proof of Theorem 1.8, we consider the connected sum T −3,2 ♯ T 3,2 , which has the property: S LO (T −3,2 ♯ T 3,2 ) = Q (Proposition 7.3). Although we can apply the periodic construction and Theorem 4.2 to the fibered knot T −3,2 ♯ T 3,2 , for ease of handling, we take the connected sum (T −3,2 ♯ T 3,2 ) ♯ T 2 , where T 2 is the twist knot shown in Figure 5 .1. The Alexander polynomial of
, which is not monic, and hence
Let us put K = T −3,2 ♯ T 3,2 ♯ T 2 and take an unknotted circle C as in , where p and lk(K, C) are relatively prime. See also Theorem 4.5(2) (2) Recall that any knot K obtained by the periodic construction (Section 4), for instance a knot obtained in the proof of Theorem 1.9, is not fibered and every nontrivial surgery on K is a left-orderable, non-L-space surgery. So we can apply Theorem 4.2 again to the knot K and an arbitrarily chosen unknotted circle to obtain yet further infinitely many non-fibered knots K ′ each of which has the (same) factor knot K. Then r-surgery on K ′ is also a left-orderable, non-L-space surgery for all r ∈ Q. We can apply this procedure repeatedly arbitrarily many times.
(3) Let K be the knot 10 99 in Rolfsen's knot table [50] . Recently Clay [7] used an epimorphism from E(K) to E(T 3,2 ) which preserves the peripheral subgroup [32] to show that every nontrivial surgery on K is left-orderable surgery. Since K has no cyclic period [31, Appendix F], this example cannot be explained by the periodic construction.
Shapes of S LO (K) -questions and conjectures
As we mentioned in Remark 1.2(1), 0 ∈ S LO (K) for any knot K. If K is the trivial knot then S LO (K) = {0}, which has the smallest size. On the other hand, Theorems 1.8, 1.9 and Proposition 7.3 demonstrate that there are infinitely many knots K with S LO (K) = Q, which has largest size.
It seems interesting to determine the shape of S LO (K) when it is neither {0} nor Q. 
Proposition 8.7 ([24]
). Suppose K is a nontrivial knot and K( 1 n ) is an L-space. Then n = 1 (resp. −1) and K is a trefoil knot T 3,2 (resp. T −3,2 ).
